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We show that a returning electron wave packet in high-order harmonic generation (HHG) with
midinfrared laser pulses converges to a universal limit for a laser wavelength above about 3 μm. The results
are consistent among the different methods: a numerical solution of the time-dependent Schrödinger
equation, the strong-field approximation, and the quantum orbits theory. We further analyze how the
contribution from different electron “trajectories” survives the macroscopic propagation in the medium.
Our result thus provides a new framework for investigating the wavelength scaling law for the HHG yields.
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High-order harmonic generation (HHG) has been a very
active field of research over the last two decades. With the
popular Ti:sapphire laser operating at an 800-nm wave-
length, a great deal of experimental and theoretical research
has been carried out. This interest is due to two facts. First,
HHG provides a tabletop coherent extreme ultraviolet
(XUV) light source [1] that can be used for application
in science and technology. In particular, it can serve as a
source of attosecond pulses [2,3] and attosecond-pulse train
[4]. Second, the HHG signal contains information about the
target structure [5–7]. As few-cycle laser pulses are
routinely available, HHG holds great promise to become
a spectroscopic tool capable of providing a femtosecond
scale temporal resolution.
The typical photon energy range available from HHG
sources with a Ti:sapphire laser has been limited to about
100 eV or so. The well-known cutoff law Ωc ¼ Ipþ
3.17Up, with Ωc, Ip, and Up ∝ I0λ2 being the cutoff
energy, the ionization potential of the target, and the
ponderomotive energy, respectively, suggests that higher
energy photons can be produced with longer driving laser
wavelengths λ (atomic units are used throughout, unless
otherwise indicated). Increasing the peak laser intensity I0
is not an option because of the ground-state depletion as
well as the phase mismatch caused by excessive free
electrons in the medium. With recent development in
optical parametric amplification techniques, midinfrared
(mid-IR) lasers with a wavelength of a few microns are
available today, with a sufficient intensity to generate high
harmonics, thus pushing the HHG photon energy range
beyond the water window and even to the keV region
[8–11].
Wavelength scaling of HHG yield has been studied both
theoretically [12–19] and experimentally [20,21]. Early
theoretical investigation was mostly based on numerical
solution of the time-dependent Schrödinger equation
(TDSE) [12–14]. These studies showed that, apart from
small oscillation on a fine λ scale due to the threshold
phenomena effect, harmonic yield at constant driving laser
intensity drops drastically as λ−x, with x ≈ 5–6. All these
studies have been limited to wavelengths below 2 μm, and
the analysis mostly for a fixed energy range from 20 to
50 eV. More recent studies within the strong-field approxi-
mation (SFA) [16–18,22] showed scaling behavior with
somewhat slightly different x. By using the quantum orbits
(QO) theory [23–25], scaling law for long and short
trajectories have also been reported [18,19].
At constant laser intensity, Keldysh parameter γ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ip=ð2UpÞ
p
scales as 1=λ. It is therefore expected that
longer wavelengths would drive the interaction further into
the tunneling regime (γ ≪ 1), where the semiclassical
description (as in the SFA) would be more accurate. For
subtleties related to the Keldysh parameter we refer the
reader to the recent discussion by Reiss [26] as well as
within the framework of the recently developed adiabatic
theory [27] for the range of applicability.
According to the quantitative rescattering model
[7,28–31], HHG yield is a product of the returning electron
wave packet and the photorecombination cross section. The
latter is target dependent and varies strongly with energy.
As a consequence, the scaling law for HHG yield is not
only target specific, but also depends on the HHG photon
energy, as evident in Refs. [13,14,31]. The goal of this
Letter is to explore the scaling law for the returning electron
wave packet. This approach allows us to identify a
universal shape of the wave packet as a function of a
scaled energy in the long wavelength limit. The universal
shape is nearly identical for all atomic targets we consid-
ered, including atomic hydrogen, neon, argon, and xenon,
for typical laser intensities for each target. The conventional
scaling law at fixed range of energy [12–14] can be easily
obtained from our universal wave packet. Earlier theoretical
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results [12] showed a quite strong contribution from higher-
order returns at the single-atom response level. Here we
show that under typical experimental conditions, when
good phase matching is achieved in the macroscopic
medium, only the first return survives.
Following the quantitative rescattering model, we define
the wave packet as
jWðEÞj2 ¼ SðEÞ=σðEÞ; ð1Þ
where SðEÞ is the HHG yield and σðEÞ is the photo-
recombination cross section. For each atomic target, the
cross section can be exactly calculated numerically within a
model potential approach in the single-active electron
approximation. The same model potential is used in the
TDSE to calculate SðEÞ [30,32]. In the following we will
use a scaled energy ~E defined as ~E ¼ ðE − IpÞ=Up, which
corresponds to the returning electron kinetic energy in units
of Up. For photon energy much higher than the ionization
potential Ip, quite typical with a mid-IR driving laser
pulse, ~E ≈ E=Up.
We use three different methods for analysis: the TDSE,
the SFA [33], and the QO theory. To be specific, we now
focus on the atomic hydrogen target. A laser pulse of two-
cycle flattop envelope with half-cycle turn-on (turn-off)
ramps, as shown in Fig. 1(a), with an intensity of
1 × 1014 W=cm2, and the wavelengths from 0.8 to
3.2 μm is used in the TDSE. For SFA and QO analysis,
the wavelength is extended up to 6.4 μm. Longer laser
pulses are not needed since we will mostly focus on the first
return.
We show in Fig. 1(b) a typical time-frequency trace of
the induced dipole acceleration from the TDSE for the
wavelength of 2.4 μm. This time-frequency trace is calcu-
lated using a wavelet transformation [34,35]. We can
clearly identify the first return in the time range t ¼
½−0.57∶ − 0.07 in units of optical cycle (OC) [as indicated
by the vertical dashed lines in Fig. 1(b)]. The electron,
which recombines during this time interval, was born into
the continuum at the ionization time near ti ≈ −1 OC.
Note that the first return can be further separated into two
branches, associating with the long and short trajectories in
the QO theory. For our analysis of the TDSE results in the
following, we will define “short”(or “long”) trajectory
contribution to HHG as due to the recombination in the
time range tr ¼ ½−0.57∶ − 0.3 OC (or tr ¼ ½−0.3∶
−0.07 OC). The HHG signal due to the first return is
the coherent contribution of short and long trajectories. In
the subsequent subcycles, higher-order returns start to show
up. Since the HHG spectrum and wave packet typically
oscillate on a fine energy scale, we smooth out the fast
oscillation by using Bezier interpolation. A typical example
of the wave packet and its Bezier curve are shown in
Fig. 1(c) for the wavelength of 2.4 μm.
In Fig. 1(d) we show the wave packets due to the first
return at different scaled energies ~E ¼ 2.5, 2.0, and 1.5, as a
function of laser wavelength from both TDSE and QO
theory. The QO results have been normalized to the TDSE
result at 3.2 μm, for ~E ¼ 2.5. It appears that the wave
packet scales approximately as λ−1.2 (dashed line) for both
methods at wavelengths above 2.4 μm for all three energies
considered. At wavelengths shorter than 2.4 μm, the wave
packet drops faster, especially for smaller ~E. This result also
indicates that the QO is quite adequate for describing
electron wave packet. We note that within the QO the
scaling slowly approaches λ−1 at even longer wavelengths
(above 6 μm) [36]. This result also agrees with the
numerical result from the SFA. However, at such long
wavelengths, one will need to take into account the
magnetic-field effect [37]. Therefore, in this Letter we will
limit ourselves only to the wavelengths shorter than about
6 μm, when the scaling is approximately λ−1.2.
According to the above analysis we now define a
rescaled wave packet j ~Wð ~EÞj2 ¼ ðλ=λ0Þ1.2jWð ~EÞj2, where
λ0 is a reference wavelength, introduced for the dimension
purpose. The main result of this Letter is presented in
Fig. 2(a) where the rescaled wave packets from the first
return are shown as a function of ~E for different wave-
lengths at a laser intensity of 1 × 1014 W=cm2. Just above
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FIG. 1 (color online). (a) Typical flattop electric field used in our
calculation. (b) Typical time-frequency trace of the induced dipole
acceleration from TDSE. (c) Typical returning electron wave
packet and its Bezier curve. (d) TDSE results for electron wave
packet jWð ~EÞj2 due to first return at fixed scaled energies of 2.5,
2.0, and 1.5 vs laser wavelength from 0.8 to 3.2 μm. QO results are
also shown (symbols), from 0.8 to 6 μm. All results here are for
atomic hydrogen with laser intensity of 1 × 1014 W=cm2.
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0.8 μm, the rescaled wave packet decreases very fast with
increasing wavelength λ. It then decreases slowly with λ >
2.4 μm and virtually converges to a common shape for
~E≲ 3. This universal shape can be approximated by an
exponential function of the form e1.2 ~E (dotted line). Above
~E ≈ 3 the wave packet still experiences small changes with
increasing λ due to the influence of the abrupt cutoff, which
becomes sharper for longer wavelength [12]. Since the
short trajectory contributes most to the macroscopic HHG
in a typical good phase matching condition, we also show
in Fig. 2(b) the rescaled wave packet from the short
trajectory vs scaled energy. The convergence appears to
be somewhat slower than for the first return. These TDSE
results have been confirmed by our QO calculation shown
in Fig. 2(c) and 2(d) for the first return and short trajectory,
respectively. There are some small differences in the slopes
of the wave packets from the two methods. Similarly to the
TDSE results, we also notice slower convergence of the
short-trajectory wave packet to a universal limit, as com-
pared to the first return.
A nice feature of our approach is that the rescaled wave
packet has a universal behavior in the long wavelength
limit, nearly independent of the target. As shown in
Fig. 3(a), the wave packet due to the first return for
different targets with long wavelengths driving the laser
are indeed virtually identical. Here laser intensities used in
the TDSE calculation are 0.8I0, 1I0, 1.5I0, and 2I0 for Xe,
H, Ar, and Ne, respectively, where I0 ¼ 1014 W=cm2,
while the wavelengths are 3.6, 3.2, 2.8, and 2.4 μm,
respectively. Note that higher laser intensities are used in
the calculations for targets with higher Ip. This intensity
range is also quite typical for an efficient phase matching in
real experiments [11]. Small modifications in laser intensity
do not change our conclusion. Our choice of the shorter
wavelengths used for Ar and Ne is mostly for computa-
tional convenience as computer time for the TDSE
increases drastically with laser wavelength.
The universality of the returning wave packet is not
limited to the first return. Indeed, with still relatively short
wavelengths used in the TDSE, the total (from the whole
laser pulse) rescaled wave packets from different targets are
nearly identical; see the inset of Fig. 3(a). We have further
carried out calculations for longer wavelengths within the
SFA. The SFA results shown in Fig. 3(b) for Ar with
different wavelengths confirm the convergence of the total
wave packet for λ≳ 3.2 μm. Furthermore, the total wave
packets from H and Ne also converge to the same universal
shape. Here, all the SFA calculations were done with the
pulse shape shown in Fig. 1(a). By using the QO theory we
found that not only the first return, but any higher-order
return has its own universal wave packet [36] that leads to
the universal shape for the total wave packet. We note that a
similar study within the SFA on high-order return con-
tributions at the single atom level has been reported
recently by He et al. [38].
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FIG. 2 (color online). (a) TDSE results for rescaled wave
packets j ~Wð ~EÞj2 from atomic hydrogen due to the first return
with different laser wavelengths. The curves have been smoothed
out using Bezier interpolation. (b) Same as (a), but for short
trajectories. (c) and (d) Same as (a) and (b), respectively, but from
QO theory.
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FIG. 3 (color online). (a) Wave packets due to the first return
from the TDSE for different atoms as shown in the labels. See text
for laser parameters. The same are shown in the inset, but for the
total wave packets. (b) Total rescaled wave packets from the SFA
for different targets. Laser intensities and wavelengths are given
in the labels. In both (a) and (b) the wave packets from different
targets have been normalized to account for the differences in
ionization rates.
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Overall, the universal total wave packet from a flattop
pulse can be approximated by j ~Wð ~EÞj2 ∝ ~E1.5 [dashed line
in Fig. 3(b)]. Taking into account that j ~Wð ~EÞj2 ∝
λ1.2jWð ~EÞj2, E ≈ ~EUp, and Up ∝ λ2, it follows that
jWðEÞj2 ∝ λ−4.2 for a fixed E. For a fixed energy E,
the photorecombination cross section only gives an
overall factor. The scaling law for HHG yield at a fixed
energy E should therefore be the same as for the wave
packet jWðEÞj2. This argument holds approximately for a
small range of energy, say, E ¼ ½20–50 eV, as used in
[12–14]. Their scaling law of SðEÞ ∝ λ−ð5–6Þ for HHG yield
was somewhat less favorable compared to our result. The
difference is mainly due to the fact that earlier analyses
[12–14] were limited to wavelengths below 2 μm, where
the wave packet drops faster with wavelength [see
Fig. 1(d)]. Our scaling law strictly applies only to the long
wavelength limit, typically above 3 μm, when the wave
packet virtually converges to a universal shape.
We emphasize that the universal total wave packet
depends on the actual shape (envelope) of the laser pulse.
Furthermore, the universal behavior is expected to break
down when depletion of the ground state becomes signifi-
cant within a half optical cycle.
Macroscopic phase matching of HHG has been known to
be quite different for short and long trajectories [39].
However, the effect of macroscopic propagation has not
been well documented for higher-order returns from mid-
IR pulses. To illustrate this effect, we use the QO theory to
separate the different contributions from multiple returns as
well as short and long trajectories of the first return. Returns
up to the third order are included in our calculation. Our
simulations are shown in Fig. 4(a) and 4(b) for a typical
gas jet experimental setup with a tightly focused laser
beam, for two different gas jet positions at 1 and 3.5 mm
after the focus, respectively. The target is Ar and the laser
wavelength is 1.6 μm. We keep the laser intensity of
1 × 1014 W=cm2 at the center of the gas jet. The other
parameters are the same for the two cases. As evident
from Fig. 4(a), long trajectories dominate for the gas jet
near the laser focus. Higher-order returns contribute quite
insignificantly to the total macroscopic HHG yields,
mainly below about 50 eV. The contribution comes mostly
from the second return which has a cutoff near
Ip þ 1.5Up ≈ 51 eV. For a good phase matching case,
shown in Fig. 4(b), short trajectories dominate and there is
virtually no contribution from higher order returns. This
result is not totally surprising since an electron with a
higher order return spends a longer amount of time in the
continuum, and, therefore, it accumulates a larger phase
due to the laser. The variation of laser intensity in the
interaction region would wash out a higher order return
contribution.
In conclusion, we have shown that a returning electron
wave packet in high harmonic generation with mid-IR laser
pulses converges to a universal shape at the long wave
length limit. A nearly universal shape starts to occur for
wavelengths as short as about 3 μm for most atomic targets
under typical laser intensities of order 1 × 1014 W=cm2 or
so. This indicates that, with regard to the returning electron
wave packet, the main physics at long wavelengths is in
fact quite simple and can be explained accurately using
semiclassical approaches such as the SFA and the QO
theory, even though the numerical calculation of the TDSE
is much more demanding, as compared to the case of a Ti:
sapphire laser. Thus, the knowledge of the universal
rescaled wave packet provides a simple and practical
method for quick estimates of HHG yield from different
targets with midinfrared laser pulses. We have also shown
that higher order returns are quite negligible in good phase
matching condition for typical experimental setups with
tightly focused laser beams.
This work was supported in part by the Chemical
Sciences, Geosciences, and Biosciences Division, Office
of Basic Energy Sciences, Office of Science, U.S.
Department of Energy. Work by V. N. T. is supported
by the Vietnamese National Foundation for Science
and Technology Development (NAFOSTED) Grant
35 40 45 50 55 60 65 70 75 80 85 90
Harmonic energy (eV)
0
0.5
1
1.5
2
2.5
H
ar
m
on
ic
 y
ie
ld
s (
arb
. u
nit
s)
short trajectory
long trajectory
higher-order returns
(a)
z=1 mm
35 40 45 50 55 60 65 70 75 80 85 90
Harmonic energy (eV)
0
5
10
15
20
25
H
ar
m
on
ic
 y
ie
ld
s (
arb
. u
nit
s)
short trajectory
long trajectory
higher-order returns
(b)
z=3.5 mm
FIG. 4 (color online). Macroscopic HHG yields after propa-
gating in the Ar gas jet of 1 mm thick placed at z ¼ 1 mm (a) and
z ¼ 3.5 mm (b) after the laser focus. Single atom induced
dipole is calculated by the QO theory, for a sine-squared
envelope laser pulse with 1.6 μm wavelength, 1 × 1014 W=cm2
peak intensity (at the center of gas jet), and a 30-cycle total
duration. The beam waist is 36 μm.
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